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Abstract 



Formulas for the expansion of arbitrary invariant group functions in terms 
of the characters for the Sp(2N), SO(2N + 1), and SO(2N) groups are de- 
rived using a combinatorial method. The method is similar to one used by 
Balantekin to expand group functions over the characters of the U(N) group. 
All three expansions have been checked for all N by using them to calculate 
the known expansions of the generating function of the homogeneous symmet- 
ric functions. An expansion of the exponential of the traces of group elements, 
appearing in the finite- volume gauge field partition functions, is worked out 
for the orthogonal and symplectic groups. 
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I. INTRODUCTION 



The expansion of invariant functions of a group into its characters (traces of the rep- 
resentation matrices) [||] is very useful in a number of physical situations. In U(N) lattice 
gauge theories and in the lattice expansion of the non-linear U(N) x U(N) sigma model 
calculation of certain U(N) group integrals are needed If the integrands can be ex- 

panded in terms of the U(N) characters then such integrals can easily be calculated [|],[7|,||. 
Similar U(N) integrals also arise in the statistical theory of nuclear reactions |J. In 1980 
Itzykson and Zuber calculated a particular unitary group integral |M which turned out to 



be a special case of a more general formula by Harish-Chandra \T1\. The Itzykson- Zuber 



integral and its generalizations |jT^-|15| are also easily dealt with using character expansions 

!• 

The character expansion of an invariant function of group elements is given by 

/(det U, TrU, ■ ■ ■) = ]Ta rXr (?y), (1.1) 

r 

where Xr(U) is the character of the representation r. Since group characters form an or- 
thogonal set [[U| the coefficients can be obtained by explicitly integrating the product of 
this function with the characters over the group manifold: 

a r = J dUxt(U)f(detU,TrU,---). (1.2) 

(Note that ao is the integral of the function itself over the group manifold). It is rather diffi- 
cult to obtain complicated character expansions by explicit integration. In 1984 Balantekin 
H developed a combinatorial method that enabled one to solve for the coefficients in some 
expansions over the U(N) group characters that was quite simple in comparison to perform- 
ing group integrals. Needing a more general version, the result was recently extended in its 
range of applicability [I]]. 

In a parallel development it was shown that the spectral density of the Dirac operator for 
a gauge theory near its zero eigenvalues should only depend on the symmetries in question 
T7Hi~9"|. Although the original work JL7|-(19] used a Gaussian random matrix model, the 



results from the random matrix theory can be proven to be universal [2~0~-33|. This implies 
that the spectral density of the Dirac operator near the origin can be extracted from random 
matrix theories which provide a description of common aspects of various quantum phenom- 
ena (for a review see PS|). Hence to study the low-energy limit of, for example, quantum 
chromodynamics (QCD) one needs to choose a random matrix theory with the global sym- 
metries of the QCD partition function. The partition functions calculated from the effective 
field theory and random matrix theory agree jn],[2(],[27[] . These random matrix theories are 
characterized by the Dyson index (3 which is the number of independent variables per matrix 



element [li9|,|28| . For fermions in the fundamental representation (3 = 1 for N c = 2 and (3 = 2 
for N c >2 where N c is the number of colors. For fermions in the adjoint representation and 
N c > 2 we have (3 = 4. For (3 = 2 the low-energy (finite-volume) QCD partition function 
is the same as the one-link integral of two-dimensional lattice QCD |]5|j29[1 and is calculated 
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using the U(N) character expansion |] and other methods [^C].|T|.^T|] . For (3 = 4 the zero 
momentum Goldstone modes belong to the coset space SU(Nf)/SO(Nf) fl30|Jl5H where Nf 
is the number of fermion flavors. Hence the finite- volume partition function is a group inte- 
gral where the argument is the exponential of an SO(Nf) group element. Similarly in the 
(3 = 1 case the coset space of the Goldstone modes is SU(2Nf) / Sp(2Nf) p0| , p!5| . Massive 
partition functions of random matrix ensembles with (3 = 1 and 4 were considered in Refs. 
24 1 and [3~2"|. To calculate these partition functions it is very useful to have expressions for 



character expansions over the orthogonal and symplectic groups. Explicit expressions for 
these partition functions, for example, may help in finding solutions of Virasoro constraints 
which were found so far only for the (3 = 2 case. (For the application of Virasoro constraints 
on the effective finite volume partition function see, for example, Refs. H33H35H). 

The present work is an extension of Balantekin's method of finding the expansion coeffi- 
cients for expansions over the characters for the symplectic group Sp(2N), the odd dimen- 
sional special orthogonal group SO(2N +1), and the even dimensional special orthogonal 
group SO(2N). Some background material will be treated in Section ||, including general 
information about the characters of the groups in question. The procedures for developing 
the expansions for the different groups are similar, so Section |T| will treat the general idea. 
The specific expressions will be derived in Section [TV] for Sp(2N), Section |V| for SO(2N+ 1), 
and Section |VT| for SO(2N). Finally, some examples of expansions will be given for each of 
the groups in Section |VII| . 

For quick reference, the expansions and the most general expressions for their coefficients 
for Sp(2N), SO(2N + 1), and SO (2 N) are found in Equations (glOD and (gUP , (p|) and 
(PD, and ( CT ) and QET2D , respectively. 



II. BACKGROUND AND FORMULAS FOR CHARACTERS 

In order to calculate expressions for the character expansions, we will need expressions 
for the characters. These characters have been furnished by Weyl fl3"6f . For reference, the 
Weyl formulas for the U(N), Sp(2N), SO(2N + 1,3?), and SO(2N,$t) group characters 
are reprinted below. (We have included the formula for the U(N) group characters for 
completeness even though we will not need them in the present work.) 

In the following, det[^4jj] refers to the determinant of the N x N matrix A whose entry 
in the i-th row and j-th column is Aij. Furthermore, we will denote a matrix in the unitary 
group as U, the symplectic group as P, and the orthogonal group as R, and the eigenvalues 
of any of these matrices are labeled by tj. For the U(N) case, there are N eigenvalues 
that are all phases. For the Sp(2N) and SO(2N) cases, there are 2N eigenvalues, but 
they come in pairs of a phase and its reciprocal. Thus, a complete list of eigenvalues 
would be h, t 2 ,..., t N , ti 1 , *2 \ • • • > *jv X - For the SO(2N + 1) case, it is the same as the even 
dimensional cases with an additional eigenvalue of t = 1. The determinants given below, 
then, are determinants of N x N matrices which contain functions of only the individual 
eigenvalues, not their reciprocals. Finally, the character is a function of the representation, 
which is labeled by a partition (ni,ri2, . . . , tin) where the non-negative integers rij satisfy 
n± > n-i > . . . > tin- Each representation corresponds to a permissible Young Tableau. 

The expressions for the simple characters of the U(N), Sp(2N), and SO{2N + 1) groups 

are 
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respectively. 

The S0(2N) case requires more attention. We define 
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(ni,n2,...,n]v) 
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det 


£j + — OjN<Jn N 
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(2.4) 



and 



'5(ni,n 2 ,...,n ]v ) (-^) 



det 



det 



^nj+N-j _ j_-( nj +N-j) 



t?-i + t7 {N - j) - 5 



'jN 



(2.5) 



(The notation in the previous two equations is non-standard, but they give the proper 
elements as stated in Ref. [[[(J in a more modern and manipulable form.) C( niin2v .. jnjv )(i?) 
alone is the simple character of SO(2N) if and only if = 0. If ^ 0, then C( niin2v .. jnjv )(i?) 
is a double character. For this case, the simple characters are given by |(C( ni)n2v .. jnjv )(i?) ± 
(R))- In the present work, only the expression for C(n lt n 2 ,...,n N )(R) given in Eq. 



(ni,n2,.--,n N ) 



0[) will be needed. This statement will be justified in Section |V| where SO(2N) is treated. 
One last property of these expressions that will be useful for checking the reliability 
of the expansions derived in this paper is the value of the characters for representations 
corresponding to Young tableaux of one row (ni = n, all others are 0) and one column 
(n n = 1 for all n up to some value, all others are 0). The characters for representations with 
one row, labeled (n), and one column, labeled (l n ), are 

X(n)(U) = h n (ti), X{i n )(U) = a n (ti), (2.6) 

X{n){P) = KfatT 1 ), X{i*)(P) = anitutr 1 ) - a n _ 2 (M, rl ), (2.7) 

X{n){R) = MM* rl >l) - h n _ 2 (t u tt\l),xa-)(R) = a n (U,t-\l), (2.8) 

C {n) (R) = Kiti.t- 1 ) - h n - 2 (ti,tr l ), C^R) = a^tr 1 ), (2.9) 

for the U(N), Sp(2N), SO(2N + 1), and SO(2N) groups, respectively. The functions 
h n (ti) are the homogeneous symmetric functions of order n, and the functions a n (ij) are the 
elementary symmetric functions of order n. Further discussion is given in Ref. |TJ. 
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III. GENERAL PROPERTIES OF THE DERIVATION 



We are now ready to derive the form for the expansions of group functions over the 
characters of the various groups mentioned in the previous section. As with any expansion, 
the crux of this issue is being able to determine and calculate the coefficients in the expansion. 
The goal of the next four sections will be to find these coefficients. 

The derivation is very similar to the one used by Balantekin |IJ in finding the coefficients 
of the expansion over the unitary group characters. As the expressions for the group char- 
acters for Sp(2N), SO(2N + 1), and SO(2N) are all similar, the derivations for all three 
will proceed in much the same manner. To make the general method more transparent, 
the common aspects of the derivation will be presented in this section without mention of 
the specific groups. The following three sections will be devoted to using the result of this 
section to derive expressions for the coefficients in the expansions over the characters in each 
group. 

We begin by noting that each of the expressions for the characters given by Eqs. (p.2| ), 
( |2. 3D , and fl2.4|) are all ratios of determinants, so that we can write 

X(n u n 2 ,...,n N )(M) = — , (3.1) 

where M is a matrix element of the group in question and M and D refer to numerator and 
denominator. For any of these groups, the denominator T> can be expressed generally as 



V = det 



qOOjN 



(3.2) 



where q can take on the value 1 for the Sp(2N) group, ~ for the SO(2N + 1) group and for 
the SO(2N) group. In this form, we choose the appropriate value of q and the proper sign 
of the ± sign to specify which group we are discussing. Namely, we see that the minus sign 
will be used for Sp(2N) and SO(2N + 1) whereas the plus sign will be used for SO(2N). 

In following the derivation of the U(N) expansion given in Ref. we define a "gener- 
ating function", G(x,t), to be some function of a variable t and any necessary parameters 
x. Later, we will take t to be an eigenvalue of a group matrix. For now, we expand the 
generating function in a power series in the variable t around t = 0. Thus, 

oo 

G{x,t)= J2 Mx)t n - (3-3) 

n=— oo 

We assume that the series expansion converges for \t\ = 1. However, there are no other 
restrictions on the coefficients, so that some of the A n (x), can be zero. For instance, if the 
expansion is a Taylor Series, then A n = for all n < 0. 
Now, we define a function T by 

N 

F = Vl[G(x,t i )G(x,t- 1 ), (3.4) 

i=i 



where T> is given in Eq. (|3.2j ). By using the definition of G(x,t) from Eq. ( p. 3D , T can be 
written as (suppressing the x dependence of A n ) 
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T = V 



2J A n t 



=— CO 

i 

2J ^n^AT 



2J A n t N n 



. Ln=— 00 



or by combining the product of sums over the same variable, it can be written as 



T = V 



00 00 



X X A n A p t l 



n—p 



n=—oo p=— 00 



00 00 



X/ X Apt 2 P 



n=—oo p=—oo 



00 CO 



X X A n A p t 



n—p 
N 



n=— 00 p=— 00 



(3.5) 



(3.6) 



To proceed, we use the expression for T> in Eq. ( |3.2| ). This determinant can be laboriously 
expanded as an alternating sum of products of the elements (see Eq. (|A3|) ). Upon doing so, 
we can combine the factors of the variable ti in the determinant with the factor in Eq. ( |3.G| ) 
of the same variable. However, before naively doing so, we notice that there is a symmetry 
in the exponents in the determinant. We also notice that the double summations of the 
Vs are unaffected by interchange of the dummy indices n and p. So the symmetry of the 
exponents will be preserved if we use n — p in the product of the first term, p — n in the 
product of the second term, and split the delta term in half using n — p in the first one 
and p — n in the second one. Upon doing so, we find that the new expression is again a 
determinant. Rewriting this as a determinant, we obtain 



T = det 



CO CO 



x A n A p ( t. 



■_N-j+q+n-p 1 .-(N-j+q+n-p) 1 r r /,n-p .p-n-. 

±t i - -OqodjN^ti +t { / 



n=—oo p— — 00 

Now, we change variables, defining a new integer r = N — j + n — p. This gives 

1 
2 



T = det 



CO CO 



p=— co r=— co 



; ^(tr 7V+j +^ r : 



• (3-7) 



(3.8) 



The order of the summation for r and p is interchangeable. Also, the delta term chooses 
only N = j. Thus, 



T = det 



CO CO 



r=— 00 p=— 00 



-(r+?) 



1 



5 g o^Jv(^ + ti r ) 



(3.9) 



We notice that all of the dependence on the dummy variable p can be isolated by defining 

CO 

^ A r „ N+j+p A p . (3.10) 



p=— 00 



Also, by combining the delta term with the other term (again remembering that it is only 
present for the SO(2N) case in which q = and we use the + sign), we can write our 
expression for T as 



T = det 



1 - ^ q0 5 jN 



(3.11) 



We have come to the point in the derivation where it will be necessary to specialize Eq. 
( |3.11| ) for the three different types of groups by making appropriate choices for q and the ± 
sign. This will be taken up in the next three sections. 
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IV. THE EXPANSION OVER SP(2N) CHARACTERS 



We begin with the Sp{2N) it is the simplest one. The starting point will be Eq. 

( |3. 11| ). For the Sp(2N) case, q = 1 and we choose the minus sign. Thus, we have 



T = det 



E C r,j{' 



,-(t: +1 -t 



-(r+l) 



(4.1) 



where c r j is defined in Eq. (|3.10| ). Before proceeding, it is beneficial to change dummy 
indices again by letting r + 1 — > r. This gives us 



T = det 



C r,j i^i ~ t% 



(4.2) 



where 



E a 

p=— oo 



r-N+j-l+pAp. 



(4.3) 



This sum over r from — oo to oo can be broken up into positive r, negative r, and r = 0. 
The r = term vanishes because t® — t® = 0. Then changing the negative values to positive 
by replacing r with — r and collecting terms, we get 



T = det 



E yi ~~ 



.r=0 



where 



d ■ = c' -c ■ 



(4.4) 



(4.5) 



Eq. ([4.4|) is very similar to an expression that is treated in Theorem 1.2.1 from Hua |37|. We 
will need a slightly more general form of this theorem, which we present in the appendix. 
Using the result, Eq. (|A8|) , we get 



T = E det 

r\>T2 > — >r jv>0 



det 



(4.6) 



Now, if in the summation, = 0, then both determinants vanish, so we can restrict rjy > 1. 
Let us define 



r j — nj + N — j + 1. 



(4.7) 



Then, Tj > r J+1 implies that rij > n-j+i. Furthermore, since r^r > 1, then > 0. Thus, we 
can write the summation as 



F= det 

m>ri2 >— >n iv>0 



det 



(4.8) 



In the above expression, the second determinant is seen to be exactly the numerator in 
the Weyl formula for the characters of the symplectic group given in Eq. ( |2.2|) . We even 
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have the appropriate restrictions on the values of the that are necessary to make the 
equation valid. Thus, we can write the above expression as 



T = V det 

^1 >n2>--->njv>0 



drij+N-j+l,i 



(4.9) 



Now we recall our definition of T from Eq. Q3.4| ). If we divide both sides by the denominator 
V and recall that our expression for the character of the Sp(2N) group is X(ni,n 2 ,...,n N ){P) = 



^, then we obtain 



A' 



i=l 



E det 

n\ >ri2 > • • • >njv >0 



drij+N-j+l,i 



X(ni,ri2,...,njv) 



(4.10) 



This is our desired character expansion over the Sp(2N) group! It is a sum over all irreducible 
representations of the symplectic group. Expressions for the coefficients are obtained using 



Eqs. ( [4.5|) and ( |4.3|) . The result is 

oo 

d nj +N-j+l,i — E A p 



+i-j+p 



A. 



■nj-2N-2+i+j+p 



(4.11) 



p=— oo 



In the special case in which the expansion of the generating function G(x,t) is a Taylor 
Series expansion with A p = for all p < 0, this simplifies slightly to 



d nj +N~j+l,i 



E A v (A 

p=0 



p+\n 3 +i~j\ — A p+n . +2 N+2-i-j 



(4.12) 



We defer examples of the usage of this expansion until Section |V11 



V. THE EXPANSION OVER SO(2N+l) CHARACTERS 



Once again, we start from Eq. Q3.11| ). For SO{2N + 1), we have q = | and we choose 
the minus sign. Then, we have 



T = det 



C r,j ( 



(5.1) 



and Cf j IS defined in Eq. (pT0|) . 

This sum over r from — oo to oo can be broken up into ranges of r > and r < 0, which 
gives 



T = det 



r=0 



(5.2) 



Changing variables in the second summation using r — > — (r + 1) and collecting terms, we 
get 



T = det 



.r=0 



(5.3) 



S 



where 



Once again, we refer to Eq. ( |A8| ) in the Appendix to simplify Eq. ( |5.3| ) and we write 



T= Y. det 

ri>r2>-->r N >0 



det 



If we define 



r j = n~+N - j, 



then the summation becomes 

oo 

T = Y det 

ni>ri2>--->nN>0 



d n 



j+N-j,i 



det 



(5.5) 



(5.6) 



(5.7) 



The second determinant is simply the numerator of the Weyl formula for SO(2N + 1) as 
given in equation |2]3], so using the definition of T from Eq. (|3.4T) and dividing by V gives 



N 



J\G{x,U)G(x,ti l ) = det 

rti>rt2>--->rtjv>0 



j+N-j,i 



ni,ri2,...,n N 



} (R). 



(5.8) 



i=i 



This is the expansion for the SO(2N + 1) group, again a sum over all irreducible represen- 
tations. Note, however, that this expression does not include the spinor representations of 
SO(2N + 1). The expression for the coefficient is found using Eqs. ( |5.4|) and ( p. 10 ) with 
the result given by 



dni+N- 



+p 



nj-2N-l+i+j+p 



(5.9) 



p=—oo 



In the special case of a Taylor Series with A p = for all p < 0, this simplifies to 



d 



nj+N-j,i 



~ Ii p+n j +2N+l-i-j 



p=0 



(5.10) 



We conclude this section with a reminder that care must be taken in the usage of the 
above formulas for SO(2N + 1). One must remember that the number 1 is always an 
additional eigenvalue of the matrix R. Thus, in forming group functions, one must manually 
include a factor of G(x,l) on both sides of the equation in order to have a function on the 
left hand side that treats all eigenvalues equally. This tricky point will be illustrated by 
example in Section [Vll| , after we treat the SO(2N) case in the next section. 
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VI. THE EXPANSION OVER SO(2N) CHARACTERS 



One more time, we start from equation [3.11| Recall that for SO(2N), we have q = 
and we use the + sign. Thus, we have 



T = det 



OO , 1 



(6.1) 



where c r j is defined in equation |3.10| . The delta function term serves to divide each entry 
in the last column by a factor of two. When taking the determinant, a factor of two comes 
out and divides the equation. Thus, 



T = - det 
2 



(6.2) 



This sum over r from — oo to oo can be broken up into positive r, negative r, and r = 0. 
Then changing the negative values to positive by replacing r with — r and collecting terms, 
we get 



T = - det 
2 



OO , 1 

j2d r>j (i--d r0 )(ti+t- 

r=0 V Z 



where 



d 



C-f n | C— 



(6.3) 



(6.4) 



and the 5 r0 is inserted to ensure the correct coefficient for r = 0. Once again, we can use 
Eq. (|A8|) from the appendix to simplify Eq. (|6.3j ) which gives 



det 



det 



ri>r2>-->rjv>0 



1 - 



(6.5) 



Let us define 



Tj = Uj + N — j. 



Then the summation becomes 



T -2 



det 



ni>n2>->njv>0 



rij+N 



det 



1 

— <- ,, - 

2 ; 



1 — ~d n . + jv-j,0 



(6.6) 



• (6-7) 



Focusing on the second determinant on the right hand side, we can multiply the two bino- 
mials to give 



det 



rij+N-j .-(nj+N-j) 



- -5, 



rij+N-j 



4 



nj+N-j + t7 (n,+N-j) 



(6.8) 



Now, the delta function is only non-zero when rij + N — j = 0, which can only occur for 
j = N and = because n 3 - is non- negative. In this event, the exponents vanish and the 
sum in parentheses becomes 2, which cancels the |. Thus, we can write Eq. (|6.7|) as 
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E 



det 



ni>n2>--->nj\r>0 



d 



rtj+N—j.i 



det 



h +h — OjN<Jn N 



(6.9) 



We see that the second determinant is precisely the appropriate numerator in the Weyl 
formula for the quantity C( nijn2 ... jnjv )(i?) given in Eq. (|2.4j ). By recalling the definition of T 
from Eq. (|3.4|) and dividing by V, we get 



N 



HG&tJG&tr 1 ) 



E 



ni>n2>--->npf>0 



1 , 

-det 
2 



d 



nj+N~j,i 



c, 



(n 1 ,n 2 ,...,n N ) 



n N )(R), 



(6.10) 



This is the character expansion for SO(2N). As with the SO(2N + 1) case, the expansion 
does not include the spinor representations. Note that the above expansion is not an expan- 
sion over the simple characters of the SO(2N) group because the Cs are double characters 
if n N > as discussed in Section [TT]. If one desires an expansion over the simple characters, 
one can write 



C= l -{C + S) + l -{C-S) 



(6.11) 



which puts the two simple characters on the right hand side, as explained earlier. At the 
present time, we find it simpler to apply the formula in the state that it is in. The expression 
for the coefficient is found using Eqs. ( |6.4|) and (|3.10| ) and is found to be 



d 



rij -\-N—j,i 



E A> (A n . + i~j +p + A. 



■rij-2N+i+j+p 



(6.12) 



p=— oo 



In the special case of a Taylor Series with A p = for all p < 0, this simplifies to 



d 



rij-\-N—j,i 



E a p (A 



p+\rij+i-j\ "I" A p+n . + 2N-i-j 



p=0 



(6.13) 



The derivations of the expansions are complete. We now turn to some examples. 



VII. EXAMPLES OF CHARACTER EXPANSIONS 



In this section, we give some examples of expansions of group functions over the charac- 
ters of the Sp(2N), SO(2N + 1), and SO(2N) groups. In subsection A, we will present the 
expansion of the generating function of the homogeneous symmetric functions. This can be 
used as a check of the formulas derived in the present paper, as the expansions are known. 
In subsection B, we present the expansion for the function exp(xTrM), where M is some 
matrix element of one of the three groups we treat. 



A. Homogeneous Symmetric Functions 



Consider the generating function of the homogeneous symmetric functions, namely 
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G(x,t) 



l-xt 



(7.1) 



n=0 



Thus, we have A n (x) = x n for n > and A n (x) = otherwise. Consider the Sp(2N) 
expansion. Note that 



iv 



1 



i=l 



det [/ - xP] 



(7.2) 



where I is the 2iV x 2N identity matrix. The expansion is given by Eq. (|4.10|) . Since the 
series expansion of the generating function in Eq. (|7. 1| ) does not contain negative powers of 
t, the coefficients are given by Eq. ( |4.12| ). Thus, the coefficients are given by 



det 



d nj +N-j+l,i 



det 



x p (x p+|n 



■j+i-3\ 



which after simplifying becomes 



det 



rij+N-j+l,i 



p=0 



det 



x 



n,j+i-j\ 



X 



X'' 



nj+2N+2-i-j 



(7.3) 



1 — x 2 



(7.4) 



We simplify by noticing that if n 2 > 1 , then the first column of the determinant is a multiple 
of the second column, thereby making the determinant vanish. Thus, n 2 must be zero in 
order to have a no n- vanishing coefficient. Now, since n 2 > n 3 and so on, we see that the 
only surviving terms in the expansion are those for which n 2 = n 3 = ■ ■ ■ = = 0. This 
corresponds to one row Young tableaux, labeled (n) earlier. The above determinant then 
becomes 



det 



rij+N— 



det 



x 



mSij+i— j\ _ j.n 1 8ij+2N+2—i-j 



This, in turn, can be written as 



det 



■j+N-j+l,i 



X 



(1-X 2 ) N 



det 



1 -x 2 



(7.5) 



(7.6) 



By an induction argument on the dimension of the determinant on the right hand side, one 
can prove that 



det 



x \*-3\ _ x 2N+2-i-j 



1 — X 



2\N 



and thus 



det 



d 



rij+N—j+l,i 



X 



"1 



(7.7) 



(7.8) 



where we recall that all n's other than ri\ are 0. Then, the character expansion is Eq. (|4.10 ) 
with the coefficients found above is 



N 



det [I - xP] 



1 



1 



1 — xti 



711=0 



(7.9) 
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If we use Eq. Q2.71) which relates the character of one row Young Tableaux to the homoge- 
neous symmetric functions, we have 



N 



det[I-xP) JJ \l-xtj \l-xt- 



XXM**.*; -1 )- 



(7.10) 



n=0 



However, this is exactly the defining equation for the homogeneous symmetric functions. 
Thus, we see that the expansion derived for Sp(2N) agrees with the known expansion. 

To perform the same expansion over the SO(2N + 1) group, one must use caution. As 
alluded to earlier, we must manually include the eigenvalue 1. Mathematically, we have 



N 



det [I - xR] 



G(x,l)Y[G(x,U)G(x,t; 1 ) 



(7.11) 



where G(x,t) is still given by Eq. ( |7.1|) and / is the (2N + 1) x (2N + 1) identity matrix. 
Then, we have the expansion from Eq. ( |5.8| ) and we scale both sides by G(x, 1) = (1 — x) _1 
to get 



N 



G(i,l)nG(i,ti)G(i,t, :1 ; 



1 



i=l 



1 — X 



E 



det 



d 



rij+N— j.i 



X(ni,ri2,...,n N ) 

(R). (7.12) 



ni>ri2>- ■ ->n n>0 



The coefficient is given by Eq. ( 5.1C ) 



det 



d 



nj+N-j,i 



det 



x p {x 



.p+\nj+i-j\ _ x p+n j +2N+l-i-j 



or after simplifying, 



det 



TLj+N— j,i 



p=0 



det 



(7.13) 



x 1 ' 



rij+i—j\ gfij+2N+l— i—j 



1-X 2 



(7.14) 



Once again it can be shown that if ri2 > 1, the first two columns are multiples and the 
coefficient vanishes. It can also be shown using the result of the similar expression for the 
Sp(2N) expansion that if n\ — n and all other rii = 0, then 



so that 



det 



N 



d n 



j+N-j,i 



X" 



1+X 



det [I - xR] 



;i - x) S (i 



00 x n 



xu) ( i - xt: 



T\ =J2 i ^X(n)(-R)- 



(7.15) 



(7.16) 



Finally, using the value of the single row characters for the SO(2N + 1) group from Eq. 
rSI), one can show that 



1 



JV 



det [/ - xR] (1 - x) 2 (1 _ xt,) ( i _ xt : 



1 



(7.17) 



n=0 
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which again agrees with the definition of the homogeneous symmetric functions. 

We continue on with the same expansion for the SO(2N) group. Using the same gener- 
ating function and using the character expansion from Eq. ( |6.10| ), we have 



A' 



det[J - xR] 



1=1 \ 



E 



ni>n2>--->n,jv>0 



1 — xt I 

idet 



d 



rij+N— j,i 



C (ni 



ri2,...,n N ) 



(R). 



(7.18) 



Note the appearance of the factor of \ in this expression. The coefficient is given by Eq. 
dyj) to be 



det 

or after simplification 



det 



X P f x P+\llj+i-j\ _|_ x P+n 3 +2N-i-j^ 



det 



+N—j,i 



p=0 



det 



(7.19) 



x \rij+i-j\ _|_ x rij+2N—i—j 
1-X 2 



(7.20) 



Once again, the first two columns are multiples if n 2 > 1, so the only surviving coefficients 
are the ones corresponding to rii = n, all others are zero. Again, the determinant can be 
evaluated with the help of the result from the Sp(2N) case, and the result is 



det 



d 



rij +N—j,i 



2x n 



x 



2 ' 



(7.21) 



We note that the 2 cancels with the ~ built in to the SO(2N) expansion and the remain- 
ing expression is exactly the same as the SO(2N + 1) expression. Thus, we see that the 
expansions derived in the present work indeed give the correct expansion. In all three of 
these examples, we have tacitly assumed that N is at least 2, but one can check that the 
expansions are correct for the N — 1 cases as well. 

We could also consider the generating function for the alternating symmetric functions, 
G(x, t) = 1 — xt, and calculate the expansions as another check for reliability. One can check 
that the expansions derived from the present work in fact give the known expansions. This 
task will not be undertaken in the present work. 



B. Expansion of exp(x TV M) 

Now that we have confidence in the character expansions derived here, we can start 
considering more interesting examples. Of course, any generating function can be chosen as 
long as it can be expanded in a power series. For our example, we will choose the exponential 
function because it is expected that this technique will prove useful in performing group 
integrals that arise in low-energy effective QCD partition functions and the integrals are of 
exponential functions. 

We begin by defining the generating function 



14 



oo y,n 



G{x,t) = e* t = Y. ~l tn 



n=0 



nl 



(7.22) 



so that A n (x) = for n > and zero otherwise. Let us first consider Sp(2N). We have 



N 



i=i 

Our character expansion is given by Eq. ( |4.10| ) as 

X(ni,n 2 ,...,n JV 



(7.23) 



exp (xTrP) = det 

n\~>ri2~>- ■ ->n jv>0 



drij+N-j+l,i 



(7.24) 



where the coefficients are given directly by Eq. (gTp as 



det 



d 



rij+N-j+l,i 



det 



oo p 



.p+lnj+i-il 



X 



.p+rij+2N+2-i-j 



LP = p! V^+l^+^ + il) 1 (p + n i + 2iV + 2-i-.7) 
This can be recognized as a modified Bessel function, which has the expansion 

f /x\ 2p+x 
^p!(p + A)! U, 



(7.25) 



^a(x) = £ 



^7.26) 



Note also that /a(^) = for any x. Thus, we can rewrite the coefficient as (dropping 

the absolute value sign) 



det 



j+N-j+l,i 



det 



X 



(7.27) 



so that finally, 
exp(xTrP) 



E det 

ni >n2 > ■ ■ ■ >nj\r >0 



I nj +i-j(2x) ~ I nj +2N+2-i-j(2x) X{m,n 2 ,...,n N )(P)- (7.28) 



We proceed with the same expansion for the SO(2N + 1) group. Using the same gener- 
ating function, Eq. (|5\8| ) gives us the expansion as 



A' 



Y\_ exp(xtj) exp(xtj x ) = det 

i=l 7ii>ri2>->njv>0 



d 



nj+N-j,i 



X(ni,n 2 ,...,n ]v ) 



(7.29) 



where Eq. ( |5.f0| ) gives 



det 



nj +N—j,i 



det 



00 x p 



E 



x P+|nj+i-i| 



p =oP! \(P+ \nj + i-j\)\ (p + nj + 2N + 
or using the definition of the modified Bessel function, 



det 



d 



rij +N—j,i 



det 



Irij+i— j\2x) — I rij +2N+l-i-j(2x) 



(7.30) 



(7.31) 
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Thus, our expression is 



N oo 

J|exp(xt i )exp(x^ 1 ) = ^ det I nj+i -j(2x) - I nj+2 N+i-i-j(2x) X(n 1 ,n 2 ,...,n N )(R)- 

i=l ni>n,2>--->npf>0 

(7.32) 

Now, the left hand side is not yet exp(xTrR). We need to include the eigenvalue 1. Thus 
we multiply both sides by e x and we get 

N 



exp(xTrR) = exp(x)TT exp(xtj) exp(xtj 1 ) 



i=l 



— Irij+2N+l-i-j 

(2x) 

X(ni,n2,...,njv) 

(R), (7.33) 

ni>n2>--->njv>0 

which is the desired expansion. We emphasize the appearance of the e x on the right hand 
side of the expression. This extra term is unique to the SO(2N + 1) group. 

As our final example, we develop the same expansion for the SO(2N) group. As before, 
we write the expansion from Eq. ( p.lOj) as 



N 



exp(xTrR) = exp(xtj) exp(xt i 1 ) 



E 



i 



det 



8=1 



rii>n2>--->njv>0 



d 



rij-\-N—j,i 



L -(ni,n 2 ,...,n JV ) 

(it;). 

(7.34) 



The coefficients are given by Eq. ( |6.13[) as 



det 



d n 



j+N-j,i 



det 



oo p 



a:- 



p+\nj+i-j\ 



+ 



p+rij+2N-i— j 



P=0 P l \(P+ \ n i + i ~ (p + rij + 2N -i- j)\ 

Again using the modified Bessel equation expansion, we get 



det 



d n 



j+N-j,i 



det 



Irij+i-j(2x) + I n . + 2N-i-j{2 



X , 



(7.35) 



(7.36) 



Thus, the desired expansion is 



exp(xTrR) 



E 



ni>n2>--->nff>0 



1 , 

-det 
2 



Irij+i-j{2x) + I n . + 2N-i-j{2x) 



c, 



(ni,ri2,...,njv) 



(R). (7.37) 



Once again, we emphasize the factor of | in this expression. This is unique to the SO(2N) 
expansion. 



VIII. CONCLUSIONS 

The present paper, along with Refs. |TJ and completes the program of finding character 
expansions for all classical Lie groups. We expect these formulas to be useful in a wide range 
of applications. We already described some of these applications in the Introduction. 
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One should emphasize that the success in understanding the relationship between the 
random matrix theories and the low-lying eigenvalues of the QCD Dirac operator suggest 
investigating other aspects of QCD in a statistical framework (for a recent review see Ref. 
||38||). More recently a similarity between disordered systems in condensed matter physics and 
QCD, namely the existence of a universal energy scale known as Thouless energy, was sug- 
gested |39H41~ll. This problem can be treated using the supersymmetry approach |42],|25],f43 



44,45 



In the supersymmetry approach to this problem one needs to calculate integrals over su- 
One should note that integration over unitary supergroups was already 
T3] and p5]-p7|. Invariant integration over an Osp(N/2M) manifold was 
and An approach based on Gelfand-Tzetlin co- 



pergroups 
considered in Refs. 
also previously discussed in Refs. 
ordinates was developed and a recursion formula for both ordinary and supergroup integrals 
was found |50|-p3[|. Character expansions for supergroups may be useful to understand the 
nature and extent of this approach. The characters of supergroups are given by formulas 
similar to the Weyl formulas except that complete symmetric functions are replaced by the 
graded homogeneous symmetric functions or alternately traces by supertraces p4|-[57[| . Since 
our character expansion formulas are basically combinatorial in nature they are applicable 
to the supergroups as well by the appropriate substitution of traces with supertraces. Thus 
one can obtain character expansions of the orthosymplectic supergroup Osp(N/2M) from 
our formulas for SO(N) |54[] and of the supergroup P(N) from our formulas for Sp(2N) 
51- 
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APPENDIX A: A THEOREM ON DETERMINANTS 



Here we take up the issue of slightly generalizing a theorem on determinants that can be 



found in Hua's book Win- His Theorem 1.2.1 states that 

det 



det 



.r=0 



E 

ri>r-2>...>rjv>0 



det 



t? 



(Al) 



We would like to prove the following more general statement, which we state as a theorem. 

Theorem 1 Let f r (t) be an arbitrary function of the variable t with dependence on the index 
r. Then the following equality holds: 



det 



^ ] dr,jfr (ti 



r=0 



E det 

ri>r2>...>r N >0 



d,. 



det 



fr-j \pi 



(A2) 
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To prove the theorem, we recall the expansion of determinants of N x N matrices, namely 

(A3) 



N N N 
mi=lm2=l mjv=l 



where the tensor e 
) becomes 



mim2"'mjv 



is completely antisymmetric. Then, the left hand side of Eq. 



det 



^ "j dr,j frjtj 



Lr=0 



N N N 

££•••£ 

mi=lm2=l Tfi jv— 1 



d rit mi fri {tl/ 



n=0 



d r 2,m,2fr2 (^2) 

r 2 =0 



E dr N ,m N fr N (tN) 
r N =0 



(A4) 



Isolating the dependence on the m^'s, we get 



det 



^ j dr,jfr (ti 
r=0 

AT AT AT 

E E ' ' ' E 

mi=lrri2=l mjv=l 



E E " ' E /n(*l)/ra(*a) • • • frtrfa) 
ri=0r2=0 rjv=0 



/)i2'"mjv"T'i,mi^'r - 2 ) m2 ' ' ' dr^,m^ 



(A5) 



We recognize the term on the right hand side in the large brackets as a determinant, so 



det 



^ ] dr,j fri^i 



r=0 



00 00 



E E " " " E /n(*l)/ra(*2) ' ' ' /r^Ar) det [d r<J ] . 

ri=0r2=0 riv=0 



(A6) 



Now, if any of the are equal, then the determinant on the right hand side will vanish 
because two rows would be identical. Thus, the sum can be restricted to distinct values 
of the rj's. Next, since the r^'s are all different, we would like to order them in descending 
order so that r\ > rj+i. In doing so, we would like to not change the form of the determinant 
on the right hand side. So, for any switch of labels, we permute the rows to leave the form 
unchanged. This brings in a factor of +1 or —1, depending on how many permutations are 
needed. We can express this simply by using the N-th rank alternating tensor as 



det 



r=0 

N 

E 



Lr=0 

N N N 



E det [ d nA 

r\>r2>--->r N >0 



mim2---m N fr mi (^l)/r m2 (^2) ' ' ' fr mN V^NJ- 



(A7) 



7711=1 7712 = 1 771jv = 1 



Here we note that the second line is a determinant. Thus, taking the transpose of the 
determinant of the efs, we conclude 



det 



y , dr,jfr(ti) 
Lr=0 



E det 

ri>r2>--->rjv>0 



det 



frj (ti/ 



(A8) 



which proves the theorem. 



18 



REFERENCES 



A. B. Balantekin, Phys. Rev. D 62, 085017 (2000) ||hep-th/ 0007161 . 
I. Bars and F. Green, Phys. Rev. D 20, 3311 (1979). 
I. Bars, J. Math. Phys. 21, 2678 (1980). 
S. Samuel, J. Math. Phys. 21, 2695 (1980). 

E. Brezin and D. J. Gross, Phys. Lett. B 97, 120 (1980). 
R. Brower, P. Rossi and C. Tan, Nucl. Phys. B 190, 699 (1981). 
I. Bars, in C80-06-02.5 Phys. Scripta 23, 983 (1981). 
A. B. Balantekin, J. Math. Phys. 25, 2028 (1984). 

M. Gaudin and PA. Mello, J. Phys. G: Nucl. Part. Phys. 7, 1085 (1981). 
C. Itzykson and J. B. Zuber, J. Math. Phys. 21, 411 (1980). 
Harish-Chandra, Am. J. Math. 80, 241 (1958). 

F. A. Berezin and F.I. Karpelevich, Dokl. Akad. Nauk SSSR 118, 9 (1958 
T. Guhr and T. Wettig, J. Math. Phys. 37, 6395 (1996) ||hep-th/9605TTq 
A. D. Jackson, M. K. Sener and J. J. Verbaarschot, Phys. Lett. B 387, 355 (1996) 
||hep-th/9605183l 

A. Smilga and J. J. Verbaarschot, Phys. Rev. D 51, 829 (1995) ||hep-th/940403T|1 . 
F. D. Murnaghan, The Theory of Group Representations, (The Johns Hopkins Press, 
Baltimore, 1938); D. E. Littlewood The Theory of Group Characters and Matrix Rep- 
resentations of Groups, (The Clarendon Press, Oxford, 1950. 

E. V. Shuryak and J. J. Verbaarschot, Nucl. Phys. A 560, 306 (1993) ||hep-th/9212088 



J. J. Verbaarschot and I. Zahed, Phys. Rev. Lett. 70, 3852 (1993) ||hep-th/93030T2] . 
J. Verbaarschot, Phys. Rev. Lett. 72, 2531 (1994) ||hep-th/940 10591 - 
G. Akemann, P. H. Damgaard, U. Magnea and S. Nishigaki, Nucl. Phys. B 487, 721 

(1997) ||hep-th/ 9609 171 . ' ' 

M. K. Sener and J. J. Verbaarschot, Phys. Rev. Lett. 81, 248 (1998) ||hep-th/980104l 
B. Klein and J. J. Verbaarschot, Nucl. Phys. B 588, 483 (2000) ||hep-th/0004Tr9" | 



P. H. Damgaard and S. M. Nishigaki, Nucl. Phys. B 518, 495 (1998) ||hep-th/9711023 



G. Akemann and E. Kanzieper, Phys. Rev. Lett. 85, 1174 (2000) |hep-th/000ll8S|1 
T. Guhr, A. Muller-Groeling and H. A. Weidenmuller, Phys. Rept. 299, 189 (1998) 



llcond-mat/ 9707301 



M. A. Halasz and J. J. Verbaarschot, Phys. Rev. D 52, 2563 (1995) ||hep-th/9502096H . 
P. H. Damgaard, |iep-th/9807026| 



F. J. Dyson, J. Math. Phys. 3, 1199 (1962). 

D. J. Gross and E. Witten, Phys. Rev. D 21, 446 (1980). 
H. Leutwyler and A. Smilga, Phys. Rev. D 46, 5607 (1992). 

T. Akuzawa and M. Wadati, J. Phys. Soc. Jap. 67, 2151 (1998) |hep-th/9804049H . 
T. Nagao and S. M. Nishigaki, Phys. Rev. D 62, 065006 (2000) [|hep-th/0001 13711 . 
P. H. Damgaard and K. Splittorff, Nucl. Phys. B 572, 478 (2000) ||hep-th/9912Ti6|] . 

G. Akemann, D. Dalmazi, P. H. Damgaard and J. J. Verbaarschot, Nucl. Phys. B 601, 
77 (2001) | frep-th/00l 1072] . 

D. Dalmazi and J. J. Verbaarschot, |hep-th/0101035| . 

H. Weyl, The Classical Groups, (Princeton University Press, Princeton, New Jersey, 
1948). 



19 



L.K. Hua, Harmonic Analysis of Functions of Several Complex Variables in Classical 

Domains, (American Mathematical Society, Providence, Rhode Island, 1963). 

J. J. Verbaarschot and T. Wettig, Ann. Rev. Nucl. Part. Sci. 50, 343 (2000) flhep 



ph/0003017 



R. A. Janik, M. A. Nowak, G. Papp and I. Zahed, Phys. Rev. Lett. 81, 264 (1998) 
||hep-ph/ 9803289 1. 



J. C. Osborn and J. J. Verbaarschot, Phys. Rev. Lett. 81, 268 (1998) | |hep-ph/98074T)0 1 



T. Guhr, T. Wilke and H. A. Weidenmuller, Phys. Rev. Lett. 85, 2252 (2000) jhep- 
th/99101071| 



K.B. Efetov, Adv. in Phys. 32, 53 (1983). 

J. J. Verbaarschot, H. A. Weidenmuller and M. R. Zirnbauer, Phys. Rept. 129, 367 
(1985). 

T. Guhr and T. Wilke, Nucl. Phys. B 593, 361 (2001). 
T. Guhr, J. Math. Phys. 32, 336 (1991). 
T. Guhr, J. Math. Phys. 34, 2541 (1993). 

J. Alfaro, R. Medina and L. F. Urrutia, J. Math. Phys. 36, 3085 (1995) ||hep-th/9412"0T2| . 
A. B. Balantekin, H. A. Schmitt and B. R. Barrett, J. Math. Phys. 29, 1634 (1988). 
A. B. Balantekin, H. A. Schmitt and P. Halse, J. Math. Phys. 30, 274 (1989). 
T. Guhr, Commun. Math. Phys. 176, 555 (1996). 
H. Kohler, Ph.D. Dissertation, U. Heidelberg, 2000. 



T. Guhr and H. Kohler, |math-ph/00TT007 . 



T. Guhr and H. Kohler, |math-ph/00T2047l 



A. B. Balantekin and I. Bars, J. Math. Phys. 22, 1149 (1981). 
A. B. Balantekin and I. Bars, J. Math. Phys. 22, 1810 (1981). 
A. B. Balantekin, J. Math. Phys. 23, 486 (1982). 
A. B. Balantekin and I. Bars, J. Math. Phys. 23, 1239 (1982). 



20 



